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ABSTRACT

The purpose of this work is to extend McNeil and Frey´s (2000) methodology by combining two component GARCH models and extreme value 
theory to evaluate the performance of the value at risk (VaR) and expected shortfall (ES) measures in the Latin American stock markets. In-sample 
analysis, the results of the backtesting indicate that there is no a model that predominates to the others in the estimation of VaR at any confidence 
level. However, the P-values of the Kupiec test confirm the out-of-sample predictive ability of the CGARCH-EVT models to estimate the VaR for 
long and short financial positions from Argentina and Mexico, although their performance is insufficient to provide accurate estimates of the ES. The 
modeling of fat tails, asymmetry and long memory have important implications for risk management, and hedging strategies in volatile stock markets.

Keywords: Conditional Extreme Value Theory, Value at Risk, Expected Shortfall 
JEL Classifications: G15, G17

1. INTRODUCTION

Value-at-risk (VaR) methodology has been adopted as one of the 
main paradigms to measure market-risk in the financial industry. 
According to Jorion (2007), VaR is determined by the quantile 
of the gains and losses distribution of a financial position, and 
is defined as the maximum possible loss over a time horizon, 
given a probability. Since VaR was adopted as a regulatory risk 
measurement tool for commercial banks, several approaches 
were developed to estimate it. Among the most prominent, are 
the parametric methods based on the assumption of conditional 
normality and the non-parametric models represented by the 
method of historical simulation (HS). The literature has shown 
that conditional volatility models, such as GARCH models, 
improve the predictions of VaR estimates capturing changing 
market conditions. However, the assumption of normality 
underestimates the true market risk because it ignores the wide 
tails and leptokurtosis caused by extreme events in financial time-
series (Duffie and Pan, 1997; Vlaar, 2000; Su and Hung, 2011).

The empirical evidence has supported the use of GARCH models 
based on t-Student and generalized errors distributions (GED) 
for the estimation of VaR in stock markets and currency markets 
(Huang and Lin, 2004; Bams et al., 2005; Ané, 2006; So and Yu, 
2006; Angelidis et al., 2004; Marcucci, 2005; Su and Knowles, 
2006). However, GED is incapable to capture the asymmetry in 
financial returns, providing biased estimates of VaR (Brooks and 
Persand, 2003). Giot and Laurent (2003) and Diamandis et al. (2011) 
incorporate the innovations’ asymmetric distributional assumption in 
the returns of industrialized countries and emerging equity markets, 
using the skewed t-Student distribution, and achieve a better 
predictive performance of VaR, relative to symmetric distributions.

HS provides more robust estimates of VaR for the short- and 
long-term financial positions. However, the discrete nature of the 
returns, coupled with a lack of sampling information on the tails of 
the empirical distribution makes it difficult to estimate the extreme 
quantiles, leading to high variance results (Pritzker, 1997; Zhao 
et al., 2010; De Jesús and Ortiz, 2011).
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In contrast to the inconsistencies present in conventional VaR 
measures to capture the magnitude and likelihood of extreme 
returns, extreme value theory (EVT) provides a set of robust tools 
for modeling the behavior of extreme and catastrophic outcomesthat 
fall in the tails of empirical distributions. Numerous studies have 
demonstrated the potential of EVT to estimate the extreme quantiles 
of the distribution of returns in the stock and currency exchange 
markets using the technique of maximum blocks and generalized 
extreme values distributions (GEVD) De Jesús et al., 2013. The 
parenthesis should read as follows: (Longin, 2000; Ho et al., 2000; 
Da Silva and de Melo Mendes, 2003; Gilli and Kellezi, 2006; 
Cotter, 2006; Aggarwal and Qi, 2009; De Jesús and Ortiz, 2011; De 
Jesús et al., 2013). The technique of peaks over thresholds (POT) 
represents another alternative that allows the treatment of extreme 
risk in the tails of a distribution; this approach’s cornerstone is the 
generalized Pareto distribution (GPD). Studies that have applied 
GPD to industrialized and emerging countries equity markets, have 
demonstrated that VaR models based on the unconditional EVT 
outperform conventional parametric models in the estimation of 
VaR, particularly in the extreme quantiles (Gencay and Selcuk 
2004; and Mutu et al., 2011). In contrast, Kittiakarasakun and 
Tse (2011) provide empirical evidence that VaR-GARCH models 
achieve a greater predictive performance than the EVT-static 
VaR models in the stock markets of Asia. The main disadvantage 
of the unconditional EVT is that it does not capture the impact 
of unexpected changes in market conditions on the estimation 
of VaR, besides the assumption that returns are identically and 
independently distributed (i.i.d.), which is not valid in modern 
financial markets.

To overcome that problem, MacNeil and Frey (2000) propose the 
use of conditional EVT (CEVT) to estimate VaR in two stages. 
The first stage consists of the adjustment of a GARCH model to 
estimate the conditional volatility and filter the series of returns to 
obtain standardized series of i.i.d. residuals. In the second stage, 
CEVT is applied to the distribution of standardized residuals to 
capture the heteroscedasticity in extreme returnsthat is caused 
by stochastic volatility. In the context of end-to-end market risk 
management, the work of Bystrom (2004) confirms the potential of 
CEVT to estimate losses in the United States’ and Sweden’s stock 
markets during periods of relative calm and extreme volatility. 
Fernandez (2005) and Cotter (2007) conclude that the estimates of 
quantiles based on CEVT provide better predictions of risk for the 
stock market indices of Latin America, Asia and Europe. Ghorbel 
and Trabelsi (2008) evaluate the predictive performance of several 
parametric and non-parametric VaR models, and find that TVE-
GARCH models produce better VaR estimates than traditional 
models for the indices of the stock markets of Paris and Tunisia.

More recently, Dimitrakopoulos et al. (2010) estimate a number 
of VaR models under different market conditions. Despite the 
fact that the approaches selected are CEVT and HS filtered, these 
risk measures tend to overestimate and underestimate the VaR in 
the portfolios of emerging markets and industrialized countries. 
However, Karmakar (2013) estimates the VaR and expected 
shortfall (ES) under EVT-GARCH with t-Student innovations 
for short and long positions in the index of the Bombay Stock 
Exchange, and his results reveal strong stability of the VaR 

AQ1

estimates and conditional ES on high levels of confidence. Other 
studies that extend EVT to asymmetric GARCH structures include 
Furió and Climent (2014). Their findings show the superiority of the 
CEVT based VaR models to estimate market risk of in- and out- of-
sample returns ofthe S&P 500, FTSE 100 and NIKKEI 225 than 
traditional GARCH Models with normal and t-student innovations. 
Also, Karmakar and Shukla (2015) conduct a comparative analysis 
of the predictive power of different VaR approaches that empirically 
confirm the superiority of CEVT on the modeling of the tails of 
the distributions, and in the estimation and prediction VaR for six 
stock markets in Asia, Europe and the United States.

The bulk of the literature on the measurement of CEVT based 
VaR has primarily focused on industrialized countries’ stock 
markets, especially the United States and Europe; thus, research 
on the estimation of quantile extremes in emerging economies 
equity markets is still very limited. In particular, it is well 
known that Latin American stock markets are fragile and have 
different structural features relative to more liquid and efficient 
developed equity markets, which makes the former experience 
higher volatility as well as more volatility persistence in both the 
short- and the long-run. This work applies CEVT to the stock 
market indices of Argentina, Brazil, Chile, Colombia, Mexico and 
Peru, analyzes the asymptotic behavior of the tails of the empirical 
returns’ distributions, and estimates the risk of long and short 
positions for a period of observations that goes from January 2, 
1992 through December 31, 2015.

So far, tail-risk studies have applied CEVT to TGARCH, GARCH, 
EGARCH and PGARCH structures. However, these traditional 
specifications do not capture the long-term effects of asymmetry 
and persistence in the prediction of volatility. Therefore, the first 
contribution of this work consists in the utilization of a family 
of symmetrical and asymmetrical CGARCH models to capture 
these common features of highly volatile stock markets. Since 
VaR estimates based on CEVT are sensitive to the setting of the 
GARCH model, a second original contribution of this work consists 
in the assessment of the predictive out-of-sample performance of 
symmetrical and asymmetrical standard GARCH and CGARCH 
models for the 2010-2015 period using the predictive power 
test of Hansen (2005), under four measures of predictive errors. 
The conditional-ES measure is also estimated for the long- and 
short-term financial positions because VaR has the weakness of 
not complying with the sub-additivityproperty. This alternative, 
introduced by Artzner et al. (1999), is more consistent to estimate 
the severity of losses that exceed VaR levels.

2. PRELIMINARY DATA ANALYSIS AND 
METHODOLOGICAL ASPECTS

2.1. Basic Statistics and Estimation of GARCH and 
CGARCH Models
This work uses the daily closing prices of the stock market indices 
of Argentina, Brazil, Chile, Colombia, Mexico and Peru1 to study the 
potential benefits of using CEVT to estimate market risk. The data 

1 The Venezuelan stock market index is not included in the sample due to the 
discontinuity and unreliability of its information.
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cover a period from January 2, 1992 to December 31, 2015, for a total 
of 6,206 observations. All the data was retrieved from Bloomberg. 
Table 1, contains the descriptive statistics of stock returns, and shows 
that all the indices have very similar properties, i.e. positive mean 
returns and high standard deviations. Volatility is particularly high 
in the case of Argentina and Brazil; for Colombia, Mexico and Peru 
returns are less volatile, and Chile shows the lowest volatility of all 
six. Moreover, the series show a positive skewness (except in the 
case of Argentina), indicating that positive shocks are more frequent 
than negative shocks, and also show leptokurtosis, i.e. longer- and 
fatter-tails (in particular the upper-tail) than a normal distribution. 
The Jarque-Bera statistic clearly rejects the null that the series 
follow a normal distribution at a 1% significance level in all cases. 
The Ljung-Box Q(10), and Q2(10) statistics in Table 1 suggest the 
presence of significant linear and non-linear dependencies. Also, the 
LM test shows strong evidence of ARCH effects and time-varying 
volatility, and suggests the use of a two-component GARCH model 
to filter the data series as a preliminary step to the conditional EVT.

The specification of the conditional mean may be expressed as 
follows:

   ( )1 ~ 0,1t t t t tr r h z z Nµ φ −= + +  (1)

The equation of the conditional variance for residuals is governed 
by a standard GARCH(1, 1) process:

  2
1 1t t th hω αε β− −= + +  (2)

Where ω≥0, α≥0, β≥0, and α+β<1, and make sure that ht>0.

A shortcoming of GARCH models is that they cannot capture 
a slow mean-reverting long-run component in the conditional 
volatility; however, Engle and Lee (1999) propose a CGARCH 
model as an alternative to capture high-persistence in volatility 
by decomposing it into a transitory and a permanent component, 
as follows2:

   ( ) ( )2
1 1 1 1  t t t t t th q q h qα ε β− − − −= + − + −  (3)

2 For a more detailed technical explanation of the CGARCH model, see 
Maheu (2005).

    ( ) ( )2
1 1 1t t t tq h hω ρ ε δ ω− − −= + − + −  (4)

Where ht and qt correspond to the transitory and permanent 
components of the conditional volatility, respectively. The 
conditional volatility is mean-reverting around the permanent 
volatility (qt). For the permanent component, the speed of mean 
reversion is determined by δ, whose value typically lies between  
(α+β)<δ<1.

Due to the presence of positive and negative shocks of the same 
magnitude, but with different impact on volatility, the flexibility 
of the CGARCH model can be extended to capture asymmetric 
effects in the short and long run as follows:

( ) ( )( ) ( )2 2
1 1 1 1 1 1 10t t t t t t t t th q q I q h qα ε γ ε ε β− − − − − − −= + − + < − + −  

 (5)

( ) ( )( ) ( )2 2
1 1 1 1 1 10t t t t t t tq h I h qω ρ ε ψ ε ε δ ω− − − − − −= + − + < − + −  

 (6)

Where the dummy variable governed by the Heaviside function 
I(.) is equal to 1 if εt–1<0, and 0 otherwise. The leverage effects 
are observed when γ>0 and ψ>0.

The second alternative to capture the asymmetric effects in the 
short-run and long-run is the following:

 ht = qt + α(|εt–1| – qt–1) + γ(εt–1 – qt–1) + β(ht–1 – qt–1) (7)

 qt=ω+ρ(|εt–1|–ht–1)+ψ(εt–1–ht–1)+δ(qt–1–ω) (8)

Where the asymmetry parameters γ and ψ are negative, by contrast 
with the previous asymmetric CGARCH model (CGARCH-A1 
and CGARCH-A2). The total effect on transitory and permanent 
volatility components is equal to (α–γ)|εt–1| and (ρ–ψ)|εt–1| if εt–1<0, 
and (α+γ)|εt–1| and (ρ+ψ)|εt–1| if εt–1>0.

The estimation results of the GARCH and CGARCH specifications, 
and the diagnostic tests on the simple and square standardized 
residuals are reported in Table 2, in the appendix for the indices of 
Argentina, Brazil and Mexico. The parameter μ in the conditional 

Table 1: Descriptive statistics of daily returns
Statistics Argentina Brasil Chile Colombia Mexico Peru
Mean 0. 0231 0. 2498 0.0409 0.0720 0. 0668 0. 1063
Standard devıatıon 2.2565 2. 6681 0. 7768 1.2791 1. 6180 1. 5371
Max. 16.1243 28.8332 9.0583 14.6232 12.1523 12.8231
Min. −14.7623 −17.2143 −5.0174 −11.0564 −14.3112 −11.4421
Skewness −0.2432 0.3766 0.1533 0.0617 0.0323 0.1073
Kurtosis 7.6134 10.4123 11.4123 14.9321 8.6181 11.2956
Jarque-Bera 4178 10784 13762 27633 6129 13340

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)
Q (10) 76.4344 67.4502 457.0249 376.5091 89.3936 390.4215

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)
Q2 (10) 1397.8912 1166.3421 2170.8942 1960.0792 894.2035 2797.0961

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)
LM test 565.9582 511.1424 885.4348 996.2745 480.9626 1049.6192

(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)
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mean equation is statistically significant at 1%, except for the 
asymmetric CGARCH model for Argentina. All the ϕ parameters 
of the first order autoregressive process are positive and significant 
at 1% level. The evidence suggests that changes in stock price in 
one direction tend to be followed by further changes in the same 
direction the next period. All the models successfully capture 
the dynamic patterns of conditional volatility in the short-run; 
most of the estimated parameters are positive and statistically 
significant at conventional levels. Also, the sum of α and β is less 
one, indicating the presence of high-persistence in the transitory 
volatility component, especially in the CGARCH-A2 model. 
Moreover, the estimates between 0.9555 and 0.9881 of the δ 
parameter clearly reveal that the permanent volatility component 
is more persistent and decays at a slower rate than the transitory 
volatility component under CGARCH y CGARCH-A1 models.

According to the statistical significance and sign of the asymmetry 
parameters that capture the impact of bad news in the short- and 
the long-run, results are mixed under the asymmetric CGARCH 
models. However, a significant presence of asymmetric effects is 
revealed in the transitory volatility of the CGARCH-A1 model. 
Hence, the use of asymmetric CGARCH models is empirically 
justified. The diagnostic tests for GARCH and CGARCH models 
specifications are reported at the bottom of Table 2. The Ljung-Box 
statistics with 36 lags indicate that the null hypothesis of no serial 
correlation and no remaining ARCH effects cannot be rejected at 
a 5% significance level for Argentine and the Mexican indices, 
implying there is evidence in favor of a conditional mean and 
variance specifications. The results for Chile, Colombia and Peru 
are not reported due to space limitations, but show a similar pattern 

with only one exception: The specification of the conditional 
mean fails to correct the standardized residuals autocorrelation, 
and something similar occurs in the case of Brazil. This fact will 
have an impact on the assessment of the predictive ability of the 
volatility models.

2.2. Evaluating the Predictive Accuracy of Volatility 
Models
The superior predictive ability (SPA) test of Hansen (2005) is 
used to identify which is the best volatility-forecasting model 
based on out-of-sample forecasts. Four symmetric and asymmetric 
statistical-loss functions are implemented to assess the volatility 
forecast performance of GARCH and CGARCH models. The first 
two are the mean squared errors (MSE) and the mean absolute 
errors (MAE), defined as follows:

  ( )21

1

  ˆ  
T

t t
t

MSE T h h−

=

= −∑  (9)

  1

1

ˆ
T

t t
t

MAE T h h−

=

= −∑  (10)

Where T indicates the number of out-of-sample forecasts, ht is a 
proxy variable for non-observable volatility, obtained from the 
squared returns, and t̂h is the volatility forecast for day t.

According to Brailsford and Faff (1996), asymmetric loss functions 
penalize the over and under-predictions of volatility with different 
weights. To account for the potential asymmetry in the loss 
function, they develop mean mixed error statistics that penalizes 

Table 2: Estimates of the volatility models for Argentina, Brazil and Mexico.
Models µ φ w α β ρ δ γ ψ Q (36) Q2 (36)
Argentina

GARCH 0.0917* 0.0791* 0.1221* 0.1188* 0.8582* 13.3881 5.8677
(0.0252) (0.0160) (0.0091) (0.0055) (0.0054) (0.1407) (0.7448)

CGARCH 0.0870* 0.0843* 0.0062* 0.1223* 0.7800* 0.0102* 0.9638* 11,7367 3,8713
(0.0261) (0.0165) (0.0021) (0.0081) (0.0246)  (0.0041) (0.0089) (0.2216) (0.9155)

CGARCH-A1 0.03561 0.0933* 0.0056* −0,0147 0.7863* 0.0298* 0.9643* 0.2446* −0.0356 10,8982 5,3543
(0.0264) (0.0158) (0.0012) (0.0117)  (0.0171) (0.0061) (0.0058) (0.0200) (0.0086) (0.2075) (0.5674)

CGARCH-A2 0,0318 0.0843* −0.0094*** 0.1271* 0.9808* 0,0362 0.8695* −0.0450 −1.0000 10.8982 4.8459
(0.0265) (0.0149) (0.0057) (0.0224) (0.0036) (0.0265)  (0.0697) (0.0743) (0.8606) (0.2748) (0.7856)

Brazil
GARCH 0.1845* 0.0411* 0.0804* 0.1083* 0.8815* 32,9234 22,6354

(0.0268) (0.0149) (0.0105) (0.0060) (0.0063) (0.0010) (0.0318)
CGARCH 0.1863* 0.0479* 0.0035* 0.1139* 0.8148* 0.0084** 0.9706* 30,8342 16,2364

(0.0274) (0.0153) (0.0013) (0.0084) (0.0208) (0.0038) (0.0076) (0.0029) (0.1914)
CGARCH-A1 0.1198* 0.0565* 0.0063* −0.0327** 0.7857* 0.0415* 0.9555* 0.2632* −0.0462 30,6012 13,1623

(0.0279) (0.0151) (0.0012) (0.0158) (0.0211) (0.0092) (0.0063) (0.0227) (0.0125) [0.0023] [0.1945]
CGARCH-A2 0.2031* 0.0664* −0,0157 0.1478* 0.9810* 0,0155 0.8146* −0,0023 −0,9999 30,9816 70,5612

(0.0299) (0.0142) (0.0244) (0.0193) (0.0030) (0.0235) (0.2777) (0.0488) (2.0828) (0.0019) (0.0000)
Mexico

GARCH 0.1129* 0.1404* 0.0649* 0.1215* 0.8572* 43,8605 33,8912
(0.0191) (0.0155) (0.0072) (0.0058)  (0.0066) (0.1726) (0.5693)

CGARCH 0.1117* 0.1401* 0.0006* 0.1287* 0.7960* 0.0041* 0.9863* 44,1422 26,9675
(0.0189) (0.0157) (0.0002) (0.0073) (0.0147) (0.0012) (0.0030) (0.1653) (0.8619)

CGARCH-A1 0.0632* 0.1376* 0.0008* 0,0053 0.8082* 0.0061** 0.9834* 0.2086* −0,0016 41,9601 26,3728
(0.0184) (0.0150) (0.0002) (0.0091) (0.0151)  (0.0026) (0.0034) (0.0143) (0.0041) (0.2282) (0.8799)

CGARCH-A2 0.0561* 0.1332* −0.0083* 0.0743* 0.9939* 0.1166* 0.8522* −0.4985* −0.9579* 40,5226 29,4436
(0.0181) (0.0147) (0.0021) (0.0101) (0.0015) (0.0172) (0.0269) (0.0922) (0.1737) (0.2776) (0.7720)

Q(36) and Q2(36) are the values of the Ljung-Box test for simple and squared residuals with 36 lags, and their probability is reported in squared brackets. *, **, and *** indicate 
significance at 1%, 5% and 10%, respectively. The standard errors are reported in parenthesis
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under-predictions (MME(U)) and over-predictions MME(O)) of 
volatility more heavily, and define them in the following way:

 ( ) 1

1 1

ˆ ˆ
O U

t t t t
t t

MME U T h h h h−

= =

 
= − + − 

  
∑ ∑  (11)

 ( ) 1

1 1

ˆ  ˆ
O U

t t t t
t t

MME O T h h h h−

= =

 
= − + − 

  
∑ ∑  (12)

Where U is the number of under-predictions, and O the number 
of over-predictions.

The SPA test consists in evaluating the performance of k alternative 
models, with respect to a benchmark model, defined as:

  dk,t=L0,t–Lk,t, k=1,…,m; t=1,…,n (13)

Where L0,t is the value of the loss function at time t for a benchmark 
model M0, and Lk,t is the corresponding loss function value also at 
time t for a competitive model Mk.

Under the assumption that the vector dk,t is strictly stationary, the 
null hypothesis that the benchmark model is not outperformed by 
any other alternative model may be expressed as follows:

  0 1, ,
: max 0max kk m

H µ µ
= …

≡ ≤  (14)

The estimator μk≡E[dk,t] reduces the impact of those models with 
poor predictive performance, but at the same time controls for 
the impact of alternative models with μk=0. Hansen proposes the 
following consistent estimator for μ:

 ( ){ }/ 2ˆ
1 , 1, ,

k k

c
k k nd log logn

d k m
ω

µ
≥−

= = …  (15)

Where 1{∙} is an indicator function. An immediate result of the 
stationarity assumption is that the threshold rate 2log logn( )  
guarantees the consistency of the estimator c

kµ  for n sufficiently 
large, even for alternative models with μk=0.

So, the statistic of the null hypothesis is defined as:

 
1, , ˆmax max , 0SPA k

n k m k

nd
T

ω= …

   =   
   

 (16)

Where 2ˆ kω  is a consistent estimator of ( )2 limˆ k kn
Var ndω

→∞
≡  and 

d n dk k tt

n
= −

=∑1 1
, .

To estimate ( )2 limˆ k kn
Var ndω

→∞
≡  and the P-value of the SPA 

statistic Tn
SPA , Hansen (2005) suggests the use of a stationary 

bootstrap procedure, similar to that in Politis and Romano 
(1994), to obtain the distribution of the test statistic under the null 
hypothesis. A high P-value indicates that the benchmark model 
gives superior performance than alternative models.

Table 3 shows the P-values of SPA tests based on 10000 stationary 
bootstrap samples under different loss functions: MSE, MAE, 

MME(U), MME(O). The null that the predictive out-of-sample 
performance of alternative models is widely overcome by the 
benchmark model, cannot be rejected. In the cases of Argentina, 
Brazil and Mexico, the CGARCH-A1 and CGARCH-A2 models 
give superior volatility predictions of financial returns, compared 
with GARCH and CGARCH models. The empirical results clearly 
suggest the volatility response of the Argentine, Brazilian and 
Mexican stock markets is different, depending on whether arriving 
news are good or bad. In turn, it means that negative shocks in these 
exchanges have a stronger impact in the short-run, but little effect 
in the long-run. The SPA test values indicate that the CGARCH-A2 
model displays the best out-of-sample performance for Argentina 
and Mexico under the MSE, MAE and MME(O) loss functions. 
For the MME (U), the CGARCH-A1 model provides the highest 
SPA test values for both countries. This is explained by the fact 
that the MME(U) loss function penalizes the under-prediction of 
volatility which, in this case, represents approximately 60.45% 
and 77.28% of the sample for the Argentine and the Mexican 
markets, respectively.

The SPA P-value for the CGARCH-A2 model is above the 
5% significance level, so it can still be considered an excellent 
benchmark model to predict the future volatility of the Mexican 
stock market while, in the case of the Argentine market, it is 
only second to a CGARCH Model, according to the insignificant 
asymmetric short- and long-term parameters. In the case of Brazil, 
the predictive ability of the asymmetrical CGARCH model is 

Table 3: Superior predictive ability test results
Loss functions MSE MAE MME (U) MME (O)
Argentina

GARCH 0.0803 0.0000 0.4915 0.0001
CGARCH 0.5487 0.8197 0.3429 0.7848
CGARCH-A1 0.1226 0.3998 0.5547 0.8149
CGARCH-A2 0.9163 0.9972 0.0727 0.9997

Brazil
GARCH 0.8402 0.9737 0.5738 0.7809
CGARCH 0.4735 0.8333 0.5948 1.0000
CGARCH-A1 0.5246 0.6030 0.7330 0.8741
CGARCH-A2 0.0530 0.0000 0.0000 0.0000

Chile
GARCH 0.0125 0.0000 0.0132 0.0151
CGARCH 0.0497 0.0219 0.0532 0.0306
CGARCH-A1 0.0530 0.0169 0.0738 0.0699
CGARCH-A2 0.0018 0.0359 0.0809 0.0741

Colombia
GARCH 0.0020 0.0000 0.0705 0.0000
CGARCH 0.0865 0.0734 0.0915 0.0476
CGARCH-A1 0.0916 0.0567 0.0894 0.0875
CGARCH-A2 0.0804 0.0679 0.0654 0.0535

Mexico
GARCH 0.0053 0.0000 0.0000 0.0000
CGARCH 0.4483 0.9175 0.7184 0.9597
CGARCH-A1 0.3799 0.8909 0.9999 0.9458
CGARCH-A2 0.4920 0.9807 0.6059 1.0000

Peru
GARCH 0.0130 0.0145 0.0008 0.0022
CGARCH 0.0408 0.0530 0.0476 0.0973
CGARCH-A1 0.0623 0.0897 0.0759 0.1185
CGARCH-A2 0.0481 0.1234 0.1381 0.1252

This table reports the probability of the SPA test under the MSE, MAE, MME(U), and 
MME(O) measures. Bold figures indicate the best-performance predictive volatility out 
of sample model.
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reduced. The SPA test shows that the GARCH and CGARCH 
models provide accurate out-of-sample volatility forecasts under 
the MSE, MAE and MME(O) loss functions. This fact is justified 
by the specification error that exists in the conditional mean model. 
For the markets of Chile, Colombia and Peru, the P-values of 
the SPA test are very small, implying that all the models have 
approximately the same ability to predict volatility.

3. EVT

3.1. The Peak over Threshold Approach
There are two alternative approaches to model the asymptotic 
behavior of extreme values: The block maxima (BM), based on 
the GEVD and the POT approach, based on the GPD. The first one 
focuses on the collection of minimum and maximum observations 
drawn from each of the blocks or subsamples during a fixed period 
of time, and represents the cornerstone of the classic EVT through 
the Fisher-Tippett-Gnedenko theorem.

The BM procedure is efficient when there are enough extreme 
values. But, the way the samples are built produces a loss of key 
information that may be important for the estimation. Since the 
nature of extreme events is rare and they usually appear in clusters, 
their study requires large samples and sophisticated statistical 
techniques3. The efficient use of POT takes advantage of the data, 
to the extent that extreme values tend to appear in clusters through 
time. Let R1,R2,…,Rn be a sequence of i.i.d. random variables that 
represent losses with an unknown distribution, F(r)= Pr(Ri≤r). 
Since the analysis is interested in those losses that exceed a 
threshold u, the distribution function of excess losses (GEVD) is 
defined as yi=ri−u, given that ri exceeds u as:
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Pr u r u y
Pr r u

F u y F u
F u
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For a sufficiently high threshold u, the theorems of Balkema and de 
Haan (1974) and Pickands(1975) show that the excess distribution 
converges to a GPD as follows:
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Here ξ is the tail index, and σ>0 is the scale parameter.

Similarly, F may be defined as F(r)=(1–F(u)) Gξ (y)+F(u). 
The non-parametric estimation of F(u) is determined by n–k⁄n, 
where n is the total number of observations and k is the number 
of observations that exceed u. Substituting the estimated value 
for F(u) and Equation (18) in F(r), the following expression is 
obtained for the tail estimator:

3 For a more detailed explanation of the classical theory of extreme values, 
see McNeil et al. (2005).
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Where ξ̂  and σ̂  are the maximum likelihood estimators of ξ and 
σas u increases.

The value of the parameter ξ may be positive, negative, or zero, and 
serves to determine the properties of the tails of the GPD. When 
ξ>0, the GPD takes the form of an ordinary Pareto distribution, 
which is more appropriate to model heavy tails distributions, like 
in the case of financial returns. When ξ=0 and ξ<0, the GPD 
has the form of the exponential and Pareto type II distributions, 
respectively.

3.2. Threshold Selection in Extreme Value Analysis
In practice, the selection of suitable thresholds is crucial to properly 
determine the region of the tail before which the GPD is fitted, 
as well as to reduce the bias and variance in the estimated model. 
According to Coles (2001), the selection of thresholds that are too 
small contributes to the violation of the asymptotic properties of 
the model, leading to biased estimates. On the contrary, a threshold 
that is too-large generates estimates with high standard errors 
as a result of the limited number of observations in the sample. 
There are two standard tools that can be used to determine the 
appropriate threshold, which are the mean excess function (MEF) 
and the Hill-plot.

This analysis uses the MEF, defined as:

  e u
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R un
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The MEF is the sum of the excesses over the threshold u divided 
by the number of data points which exceed the threshold u. It is an 
estimate of the mean excess function which describes the expected 
overshoot of a threshold once an exceedance occurs. The MEF is 
a linear function of the threshold u when the excess distribution 
has the form of a GPD.

3.3. Estimating VaR and ES Based on the CEVT
For a given probability p, VaR and ES can be defined as:

  VaRp=–F–1(p) (21)

  ESp=E[r–VaRp|r>VaRp] (22)

Where F–1 is the so-called quantile function defined as the inverse 
of the loss distribution F with negative sign, while the ES for 
risk R at given confidence level p is expressed by the conditional 
expectation of a loss that exceeds VaRp.

So, the extreme quantile and ES of the GPD for probability p, is 
defined as:
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The literature on tail-risk measurement has evidenced the success 
of the unconditional EVT for the estimation of extreme quantiles. 
However, the application of EVT directly on raw data can 
lead to biased estimates, due to the presence of the conditional 
heteroscedasticity, volatility clustering, and strong time dependence 
exhibited by most financial return series. To ease this problem, this 
study estimates GARCH and CGARCH models on the original returns 
series to obtain standardized residuals that are closer to independent 
and identically distributed (i.i.d.) series than the raw-return series.

The EVT tool is applied to standardized residuals, Zt, and estimates 
the VaR and ES measures for a one-day horizon according to the 
following expressions:

  ( )1
1 1

ˆˆt
p t t p tVaR h VaR Zµ+

+ += +  (25)

  ( )1
1 1

ˆˆt
p t t p tES h ES Zµ+

+ += +  (26)

Where 1ˆ tµ + and 1t̂h +  are the predictions of the conditional mean 
and variance for period t+1, respectively.

3.4. Backtesting for VaR and ES
The quality and accuracy of VaR and ES models require of a 
statistical validation process to prove that the risk measures meet 
certain theoretical properties required by regulatory authorities 
to estimate sufficient capital requirements. The procedure of 
backtesting consists in comparing the VaR and ES with the realized 
returns of the next period. The likelihood ratio test proposed by 
Kupiec (1995) is used to examine whether the failure rate is 
statistically equal to the expected failure rate, α=1–p, where p is 
the confidence level used to estimate the VaR and the ES. If T 
indicates the overall number of observations, then the number 
of failures n follows a binomial distribution with probability α.

Kupiec’s likelihood ratio test statistic is computed as:
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Where LR ~ χ 2  is distributed with one degree of freedom under 

the null 0
nH
T

α= = . If the value of LR is smaller than the critical 
value, the test is not rejected, which means that the estimation of VaR 
is reliable, while the alternative hypothesis is chosen if the model 
generates a number of failures that is either too large or too small.

4. EMPIRICAL RESULTS

4.1. Determination of the Threshold
Optimal thresholds are needed to determine the tail region of 
an empirical distribution. To do this, the positive and negative 

standardized residuals from the AR(1)-GARCH and AR(1)-
CGARCH models are used. The MEF is applied directly to the 
positive residuals to estimate the threshold and identify the relevant 
tail region, while negative standardized residuals are transformed 
into positive values by multiplying times -1, so the MEF for the 
minimum can be directly subtracted from those of the maximum 
extreme values.

Figure 1 shows the empirical MEF for both tails of the distribution 
of residuals, for the six sampled stock markets4. For positive 
standardized residuals, the MEF plots show a similar downward 
trend but, after they reach a certain value, they display an 
upward trend, particularly in the cases of Brazil and Colombia. 
Nevertheless, this upward trend is reversed in Argentina, while 
it is relatively stable in Chile andmore volatilein the case of 
Mexico and Peru. For negative standardized residuals, the MEF 
plots show signs of an upward trend in thresholds exceeding 2 for 
Argentina and Chile, while the MEF plots keep ascending up to a 
value of 3.75 for Mexico and Peru; thereafter, they tend to decline 
rapidly. Moreover, the trend in MEF plots is highly unstable in 
Brazil and Chile. Usually this increasing instability in the MEF 
plots is a feature of the technique, attributable to the dispersion of 
observations in the ranges of higher thresholds. This fact indicates 
that the asymptotic behavior of the standardized residuals is largely 
explained by the GPD with a positive and stable shape parameter, 
and a positively sloped straight line for the Latin America stock 
indexes. On the other hand, the horizontal behavior of the MEF 
indicates that the positive and negative standardized residuals for 
Chile and Colombia appear to follow an exponential distribution 
with a negatively sloped line.

According with the linearity criteria in the MEF plots, the selected 
thresholds for the upper-tail range from 2.37 to 2.56, with a number 
of excesses between 148 and 176 for Argentina; from 1.86 to 1.95, 
and between 184 and 222 excesses for Brazil; from 1.97 to 2.41, 
and between 176 and 240 excesses for Chile; from 2.53 to 2.78, and 
between 142 and 170 excesses for Colombia; from 2.36 to 2.62, 
and between 132 to 168 excesses for Mexico; from 2.43 to 2.57, 
and between 124 to 148 excesses for Peru. For the lower-tail, the 
thresholds are higher with the exception of Chile, Colombia and 
Peru. For example, Argentina reaches values from 2.89 to 3.32, 
with excesses between 116 and 176; Brazil, from 2.31 to 2.51, and 
excesses between 134 and 168; and, Mexico, from 2.63 to 2.89, 
and excesses between 140 and 176. This fact confirms that the 
tails of the residuals’ distribution have different characteristics, 
attributable to the asymmetric nature of the distribution of returns.

4.2. Estimation of GPD Parameters
The scale and shape parameters of the GPD are required to 
independently analyze the asymptotic behavior of the tails of the 
distribution of the standardized residuals, and to estimate the losses 
related to the long and short financial positions in the sample of 
Latin American stock markets. For that reason, the maximum 
likelihood method is used to estimate the unknown parameters.

4 Due limitations of space, only the MEF graphs for the standardized residual 
CGARCH (1.1) asymmetric models are reported. This choice was made 
considering their ability to capture the asymmetric short- and long-term 
asymmetric effects.



de Jesús-Gutiérrez and Santillán-Salgado: Conditional Extreme Values Theory and Tail-related Risk Measures: Evidence from Latin American Stock Markets

International Journal of Economics and Financial Issues | Vol 9 • Issue 3 • 2019134

The estimates under the different selected thresholds, as well as 
the number of exceedances are reported in Table 4. According to 
the “upper-tail” results, the scale parameter is stable for the stock 
markets of Argentina, Brazil and Chile under different volatility 
models, ranging from 0.3136 to 0.4852, with the exception of the 
CGARCH model that attains a value of 0.2789 in the case of the 
Chilean stock market. For Colombia, the estimated scale parameter 
reaches higher values, between 0.4881 and 0.5981. This fact can be 
attributed to the excess kurtosis and the dispersion of observations 
with respect to the selected thresholds.

The lower-tail estimates of the scale parameters tend to be 
higher than the upper-tail, with values in the range of 0.4544 and 
0.7022, probably due to the fact that the selected thresholds for 
the negative residuals are also higher than those of the positive 
residuals, leading to a reduction in the number of exceedances, 
particularly for the Argentine, Brazilian and Mexican markets 
series. In most cases, the shape parameter estimate is positive and 
stable, i.e., significantly different from zero. This fact confirms 
that a GPD properly models the tail behavior of standardized 
residuals. Notwithstanding, for Chile and Colombia the lower-tail 
estimates are very unstable and close to zero, and even attain a 

negative value in the case of the upper-tail under the ACGARCH1 
model. The upper-tail tends to be fatter and riskier than the lower-
tail for Argentina, Chile, Colombia and Peru confirming that the 
upper-tail is more stable. However, the opposite occurs in the 
case of Brazil and Mexico, which implies that these markets 
are more exposed to financial crashes that to economic booms. 
These results are supported by the selected thresholds for the 
lower-tail. Hence, the importance of the results will probably 
lead to more conservative estimates of the VaR and ES as the 
tails become fatter.

4.3. Estimations of VaR and ES, and Backtesting
To illustrate the usefulness of the CEVT for tail-risk management 
and measurement in Latin American stock markets, raw returns 
are initially filtered with a family of AR-GARCH, AR-CGARCH 
models to obtain identically and independently distributed 
standardized residuals on which EVT can be implemented. To 
evaluate the in-sample forecasting performance of VaR and ES, 
their estimates are compared with the next day´s return. The 
process of backtesting covers a period from January 4, 2010 
through December 31, 2015, for a total number of 1,547 daily 
observations.
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Figure 1: Mean excess function of positive and negative residuals
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Tables 5 and 6 show the estimates of VaR and ES. The number of 
failures is reported in parentheses, for short and long positions, 
for different quantiles, as well as the P-values of Kupiec’s statistic 
to evaluate the performance of the risk measures. The expected 
number of failures for the 5%, 2.5%, 1%, 0.5% and 0.1% are 
equivalent to 77.35, 38.68, 15.47, 7.74 and 1.55, respectively. 
The VaR and ES are expressed in percentages, to stay in line 
with the actual returns series. In most stock markets, the VaR 
estimates range between 1.77% and 7.59% for a short position, 
and between 1.52% and 8.54% for a long position, under the 95% 
to 99.9%quantiles, except forin the case of Chile where it reaches 
values between 1.24%-2.46% and 1.08%-2.69% for the short and 
long positions, respectively.

Another important finding is that the VaR estimates augment 
significantly as the quantiles are increased from 95% to 99.9% 
for both, short and long positions. The more risk-exposed markets 
are those of Argentina and Brazil, followed by Colombia and 
Peru. The results of the ES are relatively more conservative. 
These findings are in line with the stylized facts observed in Latin 
America stock markets, which experience relatively frequent 
extreme events (booms and crashes), as well as high and persistent 
volatility over time. To select the best performing model, either 
the highest P-values of Kupiec’s test, or the comparison of the 
expected number of failures against the number of real failures 
when R VaRt p

t
+ >1  or R ESt p

t
+ >1  may be adopted. If the P ≤ 0.05 

the CEVT model underestimates or overestimates the VaR and 

ES at a 5% significance level, depending on whether the number 
of failures is above or below the expected number. For the short 
position, the P-values of Kupiec’s test reveal the predictive ability 
of the CGARCH-EVT and ACGARCH2-EVT models to forecast 
VaR in the Argentinian stock market for the 95%, 97.5% and 
99% quantiles. However, the performance of all CEVT models 
is reduced for the 99.5% and 99.9% extreme quantiles; this fact 
is even more noticeable in the case of the ES performance. This 
implies that the CEVT models underestimate market risk because 
the number of real failures is significantly small, relative to the 
expected number of failures, except in the case of the CGARCH-
EVT model that improves the ES performance at the 99% and 
99.5% quantiles. Regarding long positions, the ACGARCH2-
EVT, GARCH-EVT, and CGARCH-EVT models provide the best 
predictive performance in estimating VaR at the 97.5%, 99% and 
99.5% quantiles, respectively. In addition, the ACGARCH1-EVT 
model provides the best ES results for quantiles >97.5%; even 
for the 99% quantile, any CEVT model captures the lower-tail 
behavior of the Argentine stock market returns.

The asymmetric CGARCH-EVT models provide the best in-
sample VaR performance for any quantile and financial position 
for the Brazilian stock market. More specifically, the ACGARCH2-
EVT and CGARCH1-EVTmodelsdeliver the best VaR estimates 
for the upper- and lower-tail, respectively. According to Kupiec’s 
test P-values, the number of failures is not significantly different 
from the expected number of failures. However, the CEVT models 

Table 4: Parameter estimates from fitted GPD
Market Positive residuals Negative residuals

u k σ ξ u k σ ξ
Argentina

GARCH 2.5234 76 0.3337 (0.1017) 0.4470 (0.2679) 3.3149 60 0.4704 (0.1566) 0.2623 (0.2724)
CGARCH 2.5249 78 0.3601 (0.1222) 0.4413 (0.3024) 3.3229 58 0.5170 (0.1570) 0.2078 (0.2288)
CGARCH-A1 2.5599 74 0.3616 (0.1136) 0.4362 (0.2772) 3.1449 60 0.4907 (0.1605) 0.2754 (0.2646)
CGARCH-A2 2.3759 88 0.3901 (0.1076) 0.4004 (0.2427) 2.8949 88 0.5532 (0.1387) 0.2425 (0.1934)

Brazil
GARCH 1.9526 92 0.3641 (0.0657) 0.2715 (0.1503) 2.3653 80 0.4578 (0.0939) 0.3307 (0.1759)
CGARCH 1.8999 104 0.3678 (0.0619) 0.2441 (0.1390) 2.5120 67 0.4544 (0.2286) 0.3663 (0.2286)
CGARCH-A1 1.9005 111 0.3786 (0.0606) 0.2549 (0.1310) 2.3518 78 0.4583 (0.0985) 0.2734 (0.1820)
CGARCH-A2 1.8659 102 0.3656 (0.0558) 0.2623 (0.1252) 2.3109 84 0.3885 (0.0816) 0.4292 (0.1853)

Chile
GARCH 2.4133 88 0.4123 (0.1120) 0.1426 (0.2336) 1.8684 154 0.5372 (0.0689) 0.0763 (0.1001)
CGARCH 2.3955 89 0.2789 (0.0792) 0.3559 (0.2541) 1.8309 167 0.5181 (0.0622) 0.0601 (0.0918)
CGARCH-A1 2.3704 97 0.4852 (0.1013) -0.0436 (0.1641) 2.3709 88 0.5097 (0.0932) 0.0314 (0.1325)
CGARCH-A2 1.9772 120 0.4222 (0.0600) 0.1031 (0.1151) 2.4977 71 0.4919 (0.1004) 0.0275 (0.1419)

Colombia
GARCH 2.5369 85 0.4881 (0.1007) 0.3921 (0.1701) 2.1299 100 0.6037 (0.0994) 0.0905 (0.1340)
CGARCH 2.7463 73 0.5621 (0.1253) 0.3532 (0.1774) 2.1396 109 0.6290 (0.1053) 0.1211 (0.1378)
CGARCH-A1 2.7519 72 0.5981 (0.1292) 0.3152 (0.1682) 2.0148 119 0.6361 (0.0949) 0.0964 (0.1181)
CGARCH-A2 2.7879 71 0.5621 (0.1253) 0.3532 (0.1774) 2.7469 77 0.6194 (0.1452) 0.0730 (0.1813)

Mexico
GARCH 2.5053 71 0.3215 (0.0942) 0.3210 (0.2506) 2.8999 72 0.5163 (0.1430) 0.2702 (0.2259)
CGARCH 2.3649 84 0.4174 (0.1024) 0.2685 (0.2012) 2.6331 88 0.4939 (0.1430) 0.2757 (0.2006)
CGARCH-A1 2.6299 66 0.3706 (0.1104) 0.1414 (0.2479) 2.7225 72 0.4691 (0.1549) 0.2979 (0.2893)
CGARCH-A2 2.5987 68 0.3136 (0.0799) 0.1779 (0.2059) 2.7225 70 0.4633 (0.1419) 0.3235 (0.2614)

Peru
GARCH 2.4295 74 0.3619 (0.0779) 0.3048 (0.1800) 2.2699 86 0.7022 (0.1460) 0.1424 (0.1785)
CGARCH 2.5215 65 0.4170 (0.0956) 0.2336 (0.1846) 1.9518 117 0.6171 (0.0947) 0.2159 (0.1286)
CGARCH-A1 2.4368 72 0.4781 (0.0903) 0.1384 (0.1449) 1.9389 115 0.6022 (0.0906) 0.2006 (0.1244)
CGARCH-A2 2.5739 62 0.3774 (0.0903) 0.2678 (0.2010) 2,2919 82 0.5996 (0.1314) 0.2364 (0.1912)

The GPD parameters are estimated by maximum likelihood. The values in parentheses represent the standard errors of the estimators, and k indicates the number of exceedances
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provide more conservative estimates of ES for any financial 
position and quantile, except for the 99.9% quantile, in which the 
ACGARCH1-EVT model performs better for the long position 
than all other models. These findings show warning signals for risk 
managers, investors and bank regulators regarding the uncertainty 
and magnitude of extreme events.

According to Kupiec’s test P-values, the Chilean market’s 
short position analysis reveals that, the ACGARCH1-EVT 
and ACGARCH2-EVT models provide the best predictive 
performance for the 95%, 97.5% and 99.9% quantiles. For 
the 99% and 99.5% quantiles, the CEVT models show a poor 
performance in estimating VaR because the expected number 
of failures is significantly greater than the observed number of 
failures. Nevertheless, the CGARCH-EVT, ACGARCH1-EVT 
and ACGARCH2-EVT models deliver accurate ES estimates 
for the extreme quantiles. For long positions, the GARCH-EVT 
model provides a better in-sample VaR performance, compared 
with symmetric and asymmetric CGARCH-EVT models, for the 
95% quantile, but all models based on CEVT perform similarly 
for the 97.5% level quantile. However, underestimated VaRs lead 
to poor inference on the true risk of the position for the 99%, 
99.5% and 99.9% quantiles, albeit the symmetric and asymmetric 
CGARCH-EVT models improve significantly the ES estimates.

In the case of the Colombian market, the VaR estimates results 
for the short position are mixed. All the CEVT-based models on 
only perform well at the 99% and 99.5% quantiles, while the 
CGARCH-EVT and ACGARCH1-EVT models show the best 
predictive performance in estimating ES for the 99.5% quantile. 
In the case of the long position, the predictive performance of the 
ACGARCH2-EVT approach is superior to all other models at any 
quantile, except for the 95% quantile, where the GARCH-EVT 
model offers the most robust estimation. On the other hand, the 
CEVT models suffer from too few losses beyond the VaR level, 
implying an overestimation of ES forecasts at any confidence level.

In the case of the Mexican stock market, the backtesting results 
reveal that the performance of the ACGARCH2-EVT model 
is robust when used to estimate the short position risk, since 
its predictive ability is only rejected at a 95% level, and it is 
outperformed by CGARCH-EVT model for the 97.5% quantile. 
The ACGARCH1-EVTmodel provides the best VaR estimates 
for a long position at any quantile, except for the 99.9% quantile, 
where several alternative models perform similarly. The strong 
evidence of short- and long-term asymmetric effects on conditional 
volatility explains these findings. On the other hand, the ES 
performance under CEVT models is not satisfactory for short- nor 
long-positions for the 95%, 97.5% and 99% quantiles. The reason 
is that the expected number of failures exceeds the number of real 
failures, although model improves the ES estimates at extreme 
quantiles. For the Peruvian stock market, the small P-values for 
the Kupiec’s test reveal that the four models have a poor VaR 
performance for the short position since the number of failures is 
significantly different from the expected number of failures for 
the 95% and the 99.9% quantiles, but not for either the symmetric 
nor the asymmetric CGARCH-EVT models at the 97.5% and 
99% quantiles. Notwithstanding, predictive ability is significantly 

improved with the GARCH-EVT and CGARCH-EVT models 
for long positions at any quantile. In the case of ES performance, 
most CEVT models are preferred for measuring market risk since 
Kupiec’s test P-values are highly acceptable in all cases (both 
short and long positions), at the 99%, 99.5% and 99.9% quantiles.

The qualitative behavior between the current daily returns and 
the 1-day-ahead VaR estimates for short and long positions using 
different models for the stock markets of Argentina and Mexico, 
is also of interest. The out-of-sample backtesting analysis uses 
a fixed rolling-window of 4660 observations based on a rolling-
sample of 1500 observations, for the period from January 4, 
2010 to December 31, 2015. This technique consists in simply 
removing the first observation of the series and adding the 
most recent observation to re-estimate the parameters of each 
model, and daily update the standardized residuals. The main 
advantage of the rolling window technique is that it captures 
the statistical characteristics of returns and the time-varying 
nature of market risk in different time periods. However, it is 
important to highlight that backtesting for longer periods can 
be problematic because it is difficult to choose the GARCH or 
CGARCH specification with the best parameterization every 
time. To ease this problem, the superiority of these models in 
forecasting the out-of-sample volatility of returns is assumed to 
be supported by the SPA test.

Figures 2 and 3 show the performance of the four models from 
2010 to 2015. The out-of-sample VaR estimates for the 95-99.5% 
quantiles present very similar dynamic patterns for both short and 
long positions, and quickly respond to the time-varying volatility 
experienced by the stock markets. In periods of financial crashes 
or high volatility, GARCH and CGARCH-EVT models provide 
more conservative estimates of VaR due to the fact that the gap of 
the lower- and upper-quantile is wider for a 1-day time horizon, 
in particular for the Argentine stock market. In periods of relative 
calm, the out-of-sample VaR estimates tend to be more stable as 
the volatility is less persistent, particularly for the Mexican stock 
market. Another important feature is that the out-of-sample VaR 
estimates depends on the volatility models that take into account 
heteroscedasticity, fat tails and volatility asymmetric effects.

In the out-of-sample VaR analysis for Mexico, the backtesting 
results reveal that all EVT-based models have a very poor 
forecasting performance for the short position at any quantile5. 
According to Kupiec’s test, the number of failures is significantly 
different to the expected number of failures. However, asymmetric 
CGARCH-EVT models improve the VaR forecasting accuracy 
for long position, particularly the ACGARCH1-EVT approach. 
Similarly, in the case of Argentina, asymmetric CGARCH-EVT 
models outperform the forecasting performance of alternative 
models in both short and long positions for quantiles >95%. 
Although for the 99% quantile, the CGARCH-EVT model 
provides the best forecasting performance for the short position. 
The results are supported by the P-values of the SPA test, which 
confirm the ability of the asymmetric CGARCH-EVT models in 

5 For lack of space, backtesting results are not reproduced in the paper, but 
are available from the authors on request.
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Figure 3: Dynamic vary for Argentina stock market

Figure 2: Dynamic vary for Mexico stock market

forecasting the out-of-sample volatility. These findings confirm the 
importance of the long-term effects of asymmetry and persistence 
to improve hedging and tail-risk management in volatile stock 
markets.

In the case of out-of-sample ES estimates, the predictive 
performance of the CEVT models overestimates the losses 
of long and short positions in Argentina’s and Mexico’s 
stock markets, as a result of excessive failures. However, this 
information may be relevant and useful for risk-averse investors 
who participate in global financial markets that often experience 
episodes of high volatility caused by asymmetric effects and fat-
tails in financial returns, and who require dynamic and flexible 
models to estimate the tail quantiles during financial crises and 
stock-market crashes.

5. CONCLUSION

This work presents an extension to the GARCH-EVT based risk 
measure proposed by McNeil and Frey (2000), with the aim of 
improving the predictive performance of the in and out-of-sample 
VaR and ES tools. It proposes a family of volatility models with 
two symmetric and asymmetric components known in the literature 
as CGARCH models, which allow combining the characteristics of 
asymmetry and long memory in the volatility in the short and long-
term. The statistical validation of the symmetric and asymmetric 
EVT-CGARCH models is carried out for six Latin American 
stock markets, for a period observations that goes from January 2, 
1992 to December 31, 2015, and studies the implications of risk 
management of the upper and lower tails of the returns distribution 
with confidence levels of 95%, 97.5%, 99%, 99.5% and 99.9%. 
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In terms of the P-values within the sample, the backtesting results 
indicate that there is no model based on EVT, that provides a 
satisfactory predictive performance in the estimation of VaR and 
ES for all the stock markets in the sample and for any confidence 
level, and/or that compliant with all financial and mathematical 
assumptions. It is important to mention that the asymmetric 
CGARCH-EVT models often provide excellent tail risk estimates 
in the stock markets of Mexico and Brazil. However, participants 
in the Brazilian market must be careful when making investment 
decisions or implementing hedging strategies, because no GARCH 
nor CGARCH specification was able to reduce the autocorrelation 
in the simple standardized residuals.

For the out-of-the-sample backtesting, the P-values of Kupiec’s 
confirm the predictive power of the asymmetric CGARCH-EVT 
models in the estimation of VaR for short and long positions 
in the stock markets of Argentina and Mexico, in particular the 
ACGARCH1-EVT model. These models capture the asymmetry 
and persistence in volatility in the long term, as well as the 
fat tails in the filtering process, through CEVT to improve the 
performance of the VaR and ES. Despite the fact that this last 
measure overestimates the risk, its implementation can be a 
useful tool for risk averse investors. One of the shortcomings 
of the study is the limited capacity of the proposed volatility 
models to provide identically and independently distributed 
standardized residuals for the stock markets of Brazil, Chile, 
Colombia and Peru. Therefore, future research should estimate 
long-term memory volatility by including FIAPARCH 
FIEGARCH, FIGARCH models, to attempt better estimates 
of VaR and ES.
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